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Abstract

Electrohydrodinamics jet (e-jet) printing process is an electrostatic-based ink-

jet printing technique able to produce submicron dots, lines and patterns beyond

the limited resolution of conventional ink-jet printing and for that reason, it can

represent a paradigm shift for printed electronics manufacturing. Magnetic inks

are very promising materials for different applications, such as security printing;

however, its printability with traditional inkjet printing technique faces many tech-

nical difficulties and e-jet printing emerges as a potential alternative.

It is well known the importance of understanding the filament thinning pro-

cess of inks that will be used in an inkjet printing process. For the same reason,

it would be important to understand the filament thinning process under the si-

multaneous application of an external electric field aligned in the direction of the
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flow, for those samples to be used in the e-jet printing processes. This is ex-

actly the kind of experimental information that the Capillary Breakup Extensional

Electrorheometry (CaBEER) device provides. Preliminary CaBEER experiments

with a colloidal suspension of magnetite in a light hydrocarbon oil revealed that

there is a critical electric field beyond which the filament thinning process changes

from Newtonian-like to viscoelastic-like behaviour. It has been speculated that

this change in the rheological behaviour can only be due to a change in the mi-

crostructure of the suspension, but the truth is that there are no scientific shreds

of evidence supporting this hypothesis. Besides, if that statement was still cor-

rect, it would be needed to get better insight into the key parameters controlling

this rearrangement in the internal microstructure.

This work contains the first attempt to develop a COMSOL model containing

the physics behind the capillary thinning process of a functional ink, which con-

sists of a colloidal suspension of magnetic nanoparticles in light hydrocarbon oil,

under the presence of an external electric field aligned with the axis of the liquid

filament. A complete model would allow for numerical analysis of the capillary

breakup extensional electrorheometry (CaBEER) applied to functional inks.
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8 Capítulo 1. Introduction

1.1 Area of application

Printed electronics refers to the application of printing techniques to fabricate

electronic structures, devices and circuits, processing a functional material (ink)

from the liquid phase onto a substrate. The portfolio of fabrication techniques

for printed electronics comprises a wide range of methods, including screen [8],

gravure [9], flexographic [10], inkjet [11], aerosol jet printing [12], and electrohy-

drodynamic jet (e-jet) printing [13], which have been widely used for the fabrica-

tion of thin-film transistors, radiofrequency identifications, displays, etc.

The use of electrohydrodynamically induced fluid flows through fine micro-

capillary nozzles allow producing ink droplets much smaller than the nozzle and

because of that the e-jet printing has been regarded as a high-resolution printing

technique, able to produce patterns and functional devices with submicrometre

resolution, approaching 25 nm against the 1-2 microns for the competing piezo

and thermal inkjet processes [14]. This electrostatic based ink-jet print system is

a contactless printing process capable of printing submicron dots, lines and pat-

terns with a wide range of functional “ink” materials including polymers, nanopar-

ticle suspensions, and biomaterials, being the viscosity (1 − 1000 mPa · s) and

conductivity (10−6 − 10−1 S/m) the key parameters for the ink [15].

Magnetic inks are perspectives materials for security printing, coding and

marking, magnetic device fabrication and creation of micro-antennas. The im-

plementation of inkjet printing technique for magnetic applications seemed to be

very promising; however, nowadays it is rather limited, mainly because a number

of factors, including the difficulties in the synthesis of stable colloids of magnetic

nanoparticles and adaptation of their rheological parameters [16]. Thus, e-jet

printing emerges as a potential substituting printing technique for magnetic inks.
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Extensional flows and the underlying stability/instability mechanisms are of

extreme relevance to the efficient generation of micro droplets. Thus, the rheo-

logical characterization of magnetic inks, particularly under uniaxial extensional

flow, is of paramount importance for e-jet printing technique. However, due to

difficulties associated with imposing purely extensional deformations, the devel-

opment of instrumentation able to carry out extensional viscosity measurements

is still a challenging task [17] and even more if we want to analyze the influence

of an external electric field aligned with the flow direction.

Among the different techniques developed for characterizing the extensional

rheological properties of low viscosity fluids, filament stretching rheometry is con-

sidered as an accurate method for characterizing the response of viscoelastic flu-

ids, almost achieving an ideal uniaxial extensional deformation far from the rigid

end-plates. The FIlament Stretching Extensional Rheometer (FiSER™) and the

Capillary Breakup Extensional Rheometer (CaBER™) have showed enhanced

performance for rheometric purposes and their relative merits have been dis-

cussed thoroughly in [18], but the CaBER™ can be used to measure relaxation

times of viscoelastic liquids with significantly lower viscosities than the FiSER™,

particularly when the filament thinning process is recorded by a high-speed cam-

era [19]. Very recently, Sadek et al. [20] have developed an electrorheological

cell able to apply an external electric field aligned with the direction of extensional

flow imposed by the CaBER™, which allows to perform the CaBEER experiments

that will provide fundamental information about the suitability of functional inks for

the e-jet printing technique.

The present Master Thesis is focused on the development of a COMSOL

model that allow for the numerical analysis of the stability/instability mechanisms

underlying the extensional flow of magnetic inks under the application of an ex-

ternal electric field.
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1.2 State-of-the-art

1.2.1 E-jet printing

Printing methods depositing functional materials in one single step attract great

attention for flexible electronics. Among the plethora of techniques for printed

electronics, jet printing-based manufacturing processes are very attractive be-

cause of the ability to generate very small-scale droplets, where ink-jet printing

using thermal or piezo-excitation represents a highly established and successful

approach for the flexible electronic manufacturing, relying on the localized de-

livery of materials of interest directly to substrates with high spatial control. It

demonstrates a group of advantages such as noncontact and additive pattern-

ing, minimal waste generation, printability of organics/polymers and inorganic

materials, low temperature and inexpensive process, compatible with large area

and high-throughput processing. Unfortunately, the conventional inkjet printing is

“push” processing, the droplet size is usually several times larger than the noz-

zle diameter, leading to various intrinsic problems of nozzle blockage, limited ink

adaptability and a limited resolution of ∼20 µm.

Contrary to such process, the electrohydrodynamic printing (EHD) techniques

are “pull” processes as an extra electric field is introduced. By carefully adjusting

the ink property, the nozzle-to-substrate distance, and the applied voltage, three

types of EHD printing processes can be realized via the same setup (Figure 1.1).



1.2. State-of-the-art 11

Figure 1.1: Comparison of the three EHD printing methods. Adapted from Ref. [1].

E-jet printing process is called to be the next-generation of jet printing process,

which enables printing of liquid inks with a wide range of viscosity with resolution

approaching ∼200 nm. Thus, E-jet printing represents a high-resolution alterna-

tive to conventional thermal and piezoelectric ink-jet systems [13] (Figure 1.2.(a-

b)). In e-jet printing systems, ink delivered from a reservoir to the tip of a fine,

metal-coated nozzle forms a pendent hemispherical meniscus. A dc voltage bias

applied between the nozzle and the substrate leads to the accumulation of mo-

bile charges in the ink near the surface of the meniscus. When a proper electrical

potential is employed to the extraction electrode at the outlet of a nozzle, the
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liquid droplet would be deformed as the balance of gravity force Fg, surface ten-

sion force Fst and electric field force Fe, into a conical shape (Taylor cone) [21].

With increasing applied voltage, the sum of this electrostatic force and the exter-

nally applied pressure eventually exceeds the force associated with the capillary

pressure at the apex of the cone, leading to the formation of a thin liquid jet that

emerges from the tip of the Taylor cone and ejects toward the substrate [22] (Fig-

ure 1.2.(c)).

Figure 1.2: Schematic illustration of the conventional ink-jet printing (a) and the e-jet

printing (b).The liquid meniscus at the nozzle tip and the evolution of the shape of a

Taylor cone during the e-jet printing (c). Reproduced with permission from Ref. [1].

E-jet printing is a very complex process, where the physical properties of the

ink controls the formation of the Taylor cone, which is responsible for the gener-

ation of stable jets and, ultimately, for the drop generation. The functional inks
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consist of a functional material dispersed in a solvent. It has known that the appli-

cation of external electric field may induce internal microstructures formed by the

nanoparticles, and, consequently, affects their rheological properties, namely its

viscosity and relaxation time (known as electrorheological effect). However, no

attention has been given to this circumstance, and both ink parameters (viscosity

and relaxation time) are assumed unaltered by the application of an external elec-

tric field when determining the printability of functional inks by e-jetting printing.

1.2.2 Magnetic inks

The use of magnetic inks in secure printing applications is quite extended among

the banking industry to streamline the processing and clearance of cheques and

other documents. This magnetic ink contains a magnetic pigment, such as iron

oxide, ferrite, magnetite, etc. The printing methods conventionally used for mag-

netic printing include methods that use a magnetic toner or magnetic ink ribbon,

but in recent years, for reasons including printing costs, much development has

focused on ink-jet printing methods using a magnetic ink.

The particle size of the magnetic pigment, reported as a median particle size

in the dispersed state, is preferably within a range from 10 nm to 200 nm. If the

particle size is smaller than 10 nm, then bleeding increases and the magnetic

recognition accuracy of characters can sometimes deteriorate. If the particle size

exceeds 200 nm, then precipitation of the magnetic particles can sometimes oc-

cur, which can induce malfunctioning in the ink-jet head. Additionally, in tradi-

tional ink-jet printing process, the aggregation of the magnetic particles causes a

change in the ink viscosity that may lead to discharge faults from the ink-jet head

too [23].
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Figure 1.3: An embodiment of an electrorheological clutch proposed by W.M. Winslow

in 1947: the power driving shaft (10) provided with a disc (11) translates its movement

to a driven shaft (12) via another disc (13) closely spaced and insulated by means of

an electrorheological fluid (14), held between them by capillary forces; the two shafts

are connected to an electrical circuit (15-17). Image extracted from Ref. [2] via Google

Patents.

To the best of the author’s knowledge, it has not been explored yet the possi-

bility of using the e-jet printing technique for magnetic printing.

1.2.3 Electrorheology

The phenomenon of electrorheology (ER) is related to changes in rheology of

suspensions upon the application of electric fields (E) [24]. ER was discovered

by A.W. Duff in 1896 when he realized that certain dielectric fluids exhibited a

slight reversible change in their viscosity upon the application of an electric field

perpendicularly to the direction of the flow [25]. However, it was not until the work

of W.M. Winslow, initiated in the 1940s, when the active research on electrorhe-
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ological fluids properly begun. For all his contributions, the electrorheological

phenomenon is also known as the Winslow effect [2, 26, 27, 28] (Figure 1.3).

Electrorheological fluids (ERFs) typically consist of suspensions of very fine

particles in an electrically insulating carrier fluid. In the absence of an electric

field, the particles are freely suspended in a liquid medium and exhibit properties

similar to those of Newtonian fluids. Once an external electric field is activated,

the particles aggregate building up fibrous microstructures aligned with the elec-

tric field direction [29] (Figure 1.4). That change in the microstructure is reversible

once the voltage is removed. ERFs can increase their apparent viscosity by or-

ders of magnitude almost instantaneously upon the application of an electric field,

from fluid-like to solid-like, characterized by a yield strength value, which is typi-

cally below 10 kPa. This fast, strong and reversible response allows the develop-

ment of simple and efficient electromechanical systems able to control vibrations

and dissipate energy in shocks. However, the weakness of the yield strength de-

layed the development of many practical applications until the discovery of the

Giant ElectroRheological (GER) effect, which can reach a yield strength above

the theoretical upper bound on conventional ERFs [30].

ERFs consist of particles dispersed in a carrier fluid, where the polarizable

components can be either the fluid or the particles. Nevertheless, most of ERFs

reported in the literature consist of a solid phase that can be an inorganic metal

oxide, a ferroelectric particle, or some other inorganic/organic polarizable parti-

cles suspended in a non-polarizable organic medium [31]. The organic medium

can be mineral and silicone oils, halogenated oils and solvents, fluorinated polyethers

and polyesters, halogenated polysilicones, and others. The suspension can be

stabilized by density matching of the solid and the liquid, by adding surfactants, or

by brownian motion in case of using of smaller particles. As the electrorheolog-

ical phenomena is originated by the dielectric or conductivity mismatch between
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Figure 1.4: ERF consisting of 1.5 µm glass spheres suspended in silicone oil. Structural

evolution of dielectric microspheres under an increasing electric field, from (a) no field,

to (b) 500 V/mm, to (c) 900 V/mm. Reproduced from Ref. [3] with permission from The

Royal Society of Chemistry.

the particles and continuous phase, the addition of a high dielectric constant ad-

ditives enabling ionic charge carriers to migrate with the electric field, such as

water, carbonates, low molecular weight amines, and alcohols can be used as

“activators” to promote the polarizability of the particles [32].

The rheological characterization of electrorheological fluids has been tradi-

tionally performed by means of simple shear flow experiments undergone in a

rotational rheometer equipped with an electrorheological cell, which allows the

application of an external electric field perpendicular to the flow direction. Fig-

ure 1.5.(a) shows a rotational rheometer (MCR-301, Anton Paar) equipped with

an parallel plate geometry adapted for imposing a vertical electrical field to the

fluid sample (ERF); the top plate is connected to a voltage supplier by means

of a contact spring, while the bottom plate is connected to ground. Recently, a

new electrorheological cell has been developed for the CaBER™ device, allow-

ing to characterize the electrorheological properties of ERFs under extensional

flow under the application of an external electric field aligned with the flow di-
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(a) Rotational Rheometer (b) Extensional Rheometer

Figure 1.5: Commercial rheometers equipped with electrorheological cells. Reproduced

with permission from Ref. [4].

rection [33, 4, 34, 35]. Figure 1.5.(b) shows the Capillary Breakup Extensional

Rheometer (2) holding two insulated parallel plates (6) connected to a voltage

supplier (5); the silhouette of the filament thinning process is recorded with a high

speed camera (1).

Thus, the current state-of-the-art in electrorheology only allows for the charac-

terization of the electrorheological properties of ERFs in two out the four possible

flow field Vs electric field configurations; that is, either under shear flow with an

electric field perpendicular to the flow or under extensional flow with an electric

field aligned to the flow direction (see Figure 1.6).
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Figure 1.6: Four different flow/electric fields configurations in electrorheometry.

There are many possible free surface conformations that may be considered

for understanding the thinning and break-up processes of complex liquids. Three

simple prototypical configurations are continuous jetting instability, dripping from

a nozzle and necking and breakup of a liquid bridge [5] (Figure 1.7). Thus, it can

be considered that the thinning and break-up of a liquid bridge held between two

end plates, as used in capillary break-up experiments described in the previous

chapter, is equivalent to the break-up of an infinite jet, particularly far from the two

end-plates [36]. In this study we assume that the liquid bridge is long and thin so

that we can treat it as a slender, axisymmetric jet.

The stability and break-up of liquid jets of Newtonian fluids are now well under-

stood. Surface tension acts to destabilise a liquid jet, driving the free surface to

minimise its surface energy and break up into spherical droplets. Viscous forces

resist this thinning action and enable the liquid to be drawn into thin, uniform

filaments before ultimately breaking up. Eggers developed the theory for the uni-

versal pinch off of an axisymmetric free surface, which states that the decay of a

Newtonian jet depends on a balance of surface tension (σ), inertia, and viscosity

(µ). This thinning law applies to cases of moderate Ohnesorge number, which is
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defined as

Oh =
µ√
ρσR

, (1.1)

where ρ is the fluid density and R is the jet radius. For inkjet printing applications,

stable drop generation for Newtonian fluids is limited to a narrow range of viscosi-

ties corresponding roughly to Ohnesorge numbers in the range 0.1 < Oh < 1. If

the Ohnesorge number is too high, then viscous forces prevent break off of the

ligament from the nozzle. On the other hand, if the Ohnesorge number is too low,

then surface tension causes the trailing ligament to break up into a number of

unwanted satellite drops.

Figure 1.7: Three prototypical geometries for studying breakup of complex fluids; (a)

continuous jetting instability; (b) dripping from a nozzle; (c) necking and breakup of a

liquid bridge. [5]

The existence of universal thinning laws initiated the use of capillary break-up

as a rheological technique. Stretching a liquid sample between two end plates

induces a strong extensional flow and thus allows the study of viscous proper-
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ties under extensional deformation. Capillary break-up experiments have proved

effective in measuring the extensional properties of polymeric fluids, such as re-

laxation time and extensional viscosity. Furthermore, recent studies have demon-

strated that extensional rheometry can be successfully performed on particulate

suspensions. However, the detachment dynamics of particle-laden fluids are not

yet fully understood [36].

Regarding the e-jet printing process with magnetic inks, it is therefore of paramount

importance to study the combined effect of the presence of the particles and the

imposed electric field on the stability and breakup of liquid jets; however, this

study is yet to be developed.

1.3 Objective

This study represents the first step towards a fundamental understanding of the

multiphysics problem of characterizing functional inks by means of capillary breakup

extensional electrorheometry (CaBEER). The main objective is providing a pre-

cise multiphysic model able to simulate the filament thinning process of functional

inks under the presence of an external electric field.

By analysing the stability of a slender, axisymmetric jet we aim at understand-

ing the experimental results obtained in the CaBEER experiments, how the pres-

ence of an external electric field affects the movement and self-assembling of the

magnetic nanoparticles and, consequently, how this rearrangement results in a

macroscopic internal force counterbalancing the filament thinning process driven

by capillary forces. This information will be of paramount importance to deter-

mine if magnetic inks can be printed out with the electrohydrodynamic jet printing

technique.
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1.4 Methodology

The metodology followed is purely numerical. The CaBEER experimental setup

was modeled in Comsol Multiphysics and the fluid sample was considered as

a colloidal suspensions of spherical magnetite nanoparticles in a oil phase. By

means of the Application Builder, this model is wrapped in an application named

as CaBEER-App, an easy-to-use interface that would make the simulation of this

problem more accessible to a wider audience.

1.5 Document structure

In chapter 1 the area of application of this study has been defined. The litera-

ture has been reviewed and the objective has been defined in such a way that

it enlarges the current state-of-the-art. Finally, the methodology followed in this

dissertation has been defined.

In chapter 2 the experimental setup for performing Capillary Breakup Exten-

sional Electrorheometry has been presented, as well as the working fluids.

In chapter 3 the physical model for the Capillary Breakup Extensional Elec-

trorheometry experiments is presented together with a discussion about the physics

interfaces available in COMSOL and required in this work.

In chapter 4 a step-by-step description of the implementation of the COMSOL

model is presented, as well as the application built for non-expert COMSOL users.

Finally, in chapter 5 the remarks and future works are introduced.
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2.1 Experimental setup

The experimental setup allowing to perform Capillary Breakup Extensional Elec-

trorheometry is exactly the same as in the CaBER device, but with the application

of an electric field (Figure 2.1). The fluid sample is loaded between two parallel

discs with diameter D0 initially separated by a distance H0; at this moment the

voltage difference between the two plates is null (∆Vcc = 0). Then the top plate

moves vertically in a quasi-step strain manner to the final gap Hf within the streak

time ts ≤ 50 ms and the voltage is set (∆Vcc 6= 0). At that final position, the liq-

uid bridge is not stable and it goes through a self-thinning process until it breaks

at the breakup time tb. The temporal evolution quantified by the minimum fluid

diameter dmin(t) is recorded by an optical device, such as a laser micrometer or

a high-speed camera. Finally, the filament thinning data are further processed

to extract the material properties of the sample given the selection of a suitable

constitutive model [33].

Figure 2.1: Schematic representation of the CaBEER experiment.
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During the dynamic capillary-driven process of the liquid bridge between the

two end-drops is undergone a uniaxial extensional flow and the radial profile of the

liquid bridge is a function of time and the axial position R = R (z; t). The structural

evolution of the liquid filament is a self-thinning process driven by surface tension

and resisted by the viscosity and elasticity of the liquid. The temporal evolution

of the mid-plane radius of the liquid bridge dmin(t) captures these self-thinning

dynamics and can be used to extract a measure of the transient extensional rhe-

ological properties of an unknown material [37].

In the particular case of working with low viscous and low elastic liquids, it

has been demonstrated that the above experimental protocol can provide unre-

liable data due to the presence of fluid inertial effects [38]. Campo-Deaño and

Clasen [39] proposed the Slow Retraction Method (SRM), which is a variant of

the capillary breakup technique where the top plate moves very slowly beyond

the static stability limit, where the liquid bridge reaches the maximum stable slen-

derness. SRM enables one to create axially symmetric thinning profiles with min-

imized inertial oscillations from acceleration of the liquid. It is worth to mention

here that CaBEER experiments can also be performed by using the SRM proto-

col.

2.2 Working fluids

Ferrofluids are colloidal suspensions of magnetic nanoparticles dispersed in a

carrier fluid. Thus, as ferrofluids perfectly matches the definition given in Sec-

tion 1.2.2 for magnetic inks, in this study we will consider commercial ferrofluids

as working fluids for this study. Particularly, the formulation of oil-based ferrofluids

from Ferrotec Inc. (EMG905) will be used in this study to define the working fluids.
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The nominal size of the magnetic particles in all the fluids is 10 nm. The magnetic

nanoparticle is majoritarian of magnetite (Fe3O4), but according to Ieta, et al. [40]

some maghemite (Fe2O3) may also be found. The supplier [41] provided with the

followin information:

• Carrier liquid - Light Hydrocarbon Oil,

• Viscosity of 6 mPa · s at 27 °C.

• Saturation magnetization - 44 mT,

• Initial magnetic susceptibility ∼ 3.52 .

• Density - 1200 kg/m3.

• Magnetic particle concentration 7.8 % by volume.

• Dispersant - Oleic Acid

The surface tension (∼ 23 mN/m) was measured by means of a force tensiometer

(Attension Sigma 700/701, Biolin Scientific) equipped with a Platinum-Iridium Du

Nouy ring at 22 °C.

Regarding the electrical properties of ferrofluids, the dielectric behavior of fer-

rofluid changes with the application of a external fields and with the relative ori-

entation of the electric and magnetic fields. This effect is known as magneto-

dielectric anisotropy effect [42]. In the absence of a electric field, a ferrofluid is

a homogeneous suspension and the field-induced magneto-dielectric effect can

be neglected. However, the magnetic nanoparticles in a ferrofluid are polarizable

and dielectric spectroscopy allows to determine their dielectric parameters.

Basaran and Wohlhuter [43] reported that ferrofluids exhibited a nonlinear po-

larization that follows a Langevin equation of the form:
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P = α

[
coth (Eτ)− 1

Eτ

]
(2.1)

where E is the electric field strength, and α and τ are the Langevin parameters.

The Langevin equation is considered the simplest form of a constitutive equation

frequently used to describe the polarizability of magnetically susceptible fluids. It

has been demonstrated that the form of the equations that govern the response

of a drop of dielectric liquid in an applied electric field is the same as those that

govern the response of a drop of ferrofluid in an applied magnetic field [43].

Preliminary CaBEER experiments revealed that there is a critical electric field

beyond which the filament thinning process of oil-based ferrofluid EMG905 changes

from Newtonian-like to viscoelastic-like behaviour (Figure 2.2).

Figure 2.2: Time evolution of the minimum diameter of the ferrofluid EMG905 obtained

in CaBEER experiments (reproduced with permission from [6]).

In this study we want to provide a Comsol model that allow to investigate the

importance of the different parameters affecting the change in the rheological

behavior of ferrofluids undergone to an extensional flow aligned with the electric

field, as we suspect that experimental observed change in the filament thinning

process is connected with the development of microstructures in the magnetic

ink due to the polarization of the magnetic nanoparticles. This numerical tool will

allow to get relevant information to the practical application of magnetic inks by

electrohydrodynamic jet printing technique.
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3.1 Introduction

The filament thinning and break-up processes of functional inks under the ap-

plication of an external electric field aligned with the extensional flow is mod-

eled. As mentioned before, this phenomenon is driven by surface tension. Gradi-

ents in the surface tension originated by gradient of the temperature in the liquid

thread would lead to Marangoni effect [44], which introduces a force acting only in

the tangential direction on the interface that must be counterbalance by viscous

forces present in the liquid sample. Eventually, the tangential force turn the liquid

filament unstable and the thinning process is triggered. However, in the CaBEER

experiments (Chapter 2), the temperature across the liquid sample and surround-

ing air is constant and so it is the surface tension. In that case, the stability of

the two-fluid system depend on the aspect ratio Λ = L
2R

of the filament and the

Bond number (Bo = ρgR
2σ

), which captures the effects of gravity against the surface

tension σ and is a measure of how much the initial cylindrical filament ‘sags’. For

a given Bond number, there is a critical aspect ratio above which the liquid bridge

becomes unstable [7] (Figure 3.1); thus, the larger the Bond number the more

sagging and smaller critical aspect ratios. This is the basis of the Slow Retraction

Method [39].

In the absence of any external field (nor electric nor magnetic), the mere pres-

ence of particles dispersed in the liquid phase increases its bulk viscosity and,

consequently, it is expected to retard thinning and consequently delay the time

to break-up [45]. However, it has been experimentally observed that presence

of micron-sized particles alters the pinch-off dynamics of a liquid bridge and the

thinning no longer follows the behaviour predicted by the bulk viscosity; instead,

the thinning process is “accelerated” by increasing particle-density fluctuations
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that generate locally diluted zones. The final thinning dynamics return to the

self-similar scaling of a viscous Newtonian liquid bridge in the final moments pre-

ceding breakup [36, 46].

Figure 3.1: Typical stability diagram of liquid bridges between equal disks subjected to

a small constant axial acceleration [measured by Bond number: Bo = O.1 (solid line),

Bo = 0 (dashed line)]. Reprinted from [7], with the permission of AIP Publishing.

In this work a numerical multiphysics model for the thinning and breakup pro-

cess functional magnetic inks (nanoparticle-ladden liquid) under the presence of

an external electric field is proposed.



32 Capítulo 3. Modelling

3.2 Model Definition

A liquid jet surrounded by air is modelled by a fluid domain in 2D, considering the

axis of symmetry of the liquid phase. A cylindrical fluid domain with radius Rd and

length L contains an initial cylinder of liquid sample with radius Rl (Figure 3.2).

The liquid sample consist of a Newtonian liquid carrying magnetic nanoparticles

with a nominal diameter of Dp ∼ 10 nm; while the surrounding gas phase is air.

The liquid phase is undergone to an external applied field that results from

imposing a voltage difference ∆V0 between top and bottom contours. As the

liquid sample is dielectric, the presence of electric currents is neglected.

Figure 3.2: Fluid domain (left), where the liquid phase is highlighted in purple; and fluid

interface (right), where the liquid sample is in red (Vf = 1), the gas phase is in blue

(Vf = 0) and the interface is a band around Vf = 0.5.
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3.3 Problem formulation

This a clear example of multiphysics problem in which we have coupled several

multiphysics modules from Comsol:

• Two-Phase Flow, Phase Field, where the laminar flow interface is coupled

with the Phase Field physics interface so that the phase boundary between

the two immiscible fluids can be determined accurately.

• Fluid-Particle Interaction, where the laminar flow physics interface is cou-

pled with the Particle Tracing for Fluid Flow interface, so that the effect of

the movement of the nanoparticles into the laminar flow of the liquid sample

is taken into account.

The presence of the magnetic nanoparticles in the liquid sample will be mod-

eled with the Particle Tracing for Fluid Flow interface, which will account for all

the forces actuating on the particles, i.e. Brownian force, gravity, drag and the

force due to the induced dipolar moment. In order to consider this latter force, the

Electrostatic physics is also required, which will allow to impose the electric field

in the liquid domain.

3.3.1 Two-phase Flow, Phase field

In order to validate the model with experimental results, it is very important to

describe the phase boundary in detail. Therefore, a separated multiphase flow

model is preferred to a dispersed multiphase flow model. In both approaches,

a function Φ, is used to describe the presence of the gas and liquid phases;
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however, in the separated multiphase flow models, the different phases are ex-

clusive, and there is a sharp phase boundary between them where the phase field

function Φ changes abruptly. The phase field function does not have a physical

meaning other than keeping track of the location of the phase boundaries [47].

There are three different interface tracking methods in the COMSOL Multi-

physics software for separated multiphase flow models, i.e. moving mesh, level-

set and phase-field. Among them, the latter one was preferred for two reasons:

1. Topology changes are expected.

2. Surface tension effects are important.

Thus, the liquid sample and the surrounding gas are separated by a fluid in-

terface that is tracked in detail, including surface curvature and surface tension

forces. The phase-field method use a fixed background mesh and solve additional

equations to track the interface location.

The velocity field and pressure for the liquid phase are described by the mass

conservation equation (Equation 3.1) and the momentum balance equation (Equa-

tion 3.2), known as governing equations1. These equations have been simplified

considering that in this process both fluids are incompressible (ρ = cte).

∇ ·v = 0, (3.1)

ρ
∂v

∂t
+ ρ (v ·∇)v = ∇ ·

[
−pI + µ

(
∇v + (∇v)T

)
+
]

+ Fst + ρg + Fe, (3.2)

1As the filament thinning process is isothermal, the equation of energy can be decoupled from

these two governing equations and, consequently, it is not taken into consideration in this model.
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where v is the fluid velocity, ρ is the density, σ is the surface tension, µ is the

viscosity, Fst is the force due to the surface tension, g is the gravitational acceler-

ation2, and Fe is the volumetric electric force.

In the phase field method to track the fluid-fluid interface adds the following

equations [48]:
∂Φ

∂t
+ v ·∇Φ = ∇ ·

γλ

ε2
∇Ψ, (3.3)

Ψ = −∇ · ε2∇Φ +
(
Φ2 − 1

)
Φ +

(
ε2

λ

)
∂fext
∂Φ

(3.4)

where λ is the mixing energy density and ε is a capillary width that scales with

the thickness of the interface. These two parameters are related to the surface

tension coefficient (σ) through the following equation:

σ =
2
√

2

3

λ

ε
, (3.5)

and γ is related to ε through γ = χε2, where χ is the mobility tuning parameter.

Once Φ is calculated, the volume fraction of the gas phase is computed as

follows (Figure 3.2:

Vf = min(max([1 + Φ)/2], 0), 1), (3.6)

where the min and max operators are used so that the volume fraction has a

lower limit of 0 and an upper limit of 1. The fluid properties are then defined as a

function of Vf :

ρ = ρl + (ρl − ρg)Vf (3.7)

µ = µl + (µl − µg)Vf (3.8)

ε = εl + (εl − εg)Vf (3.9)

2In this study, we leave open the possibility of having a non-negligible density difference be-

tween the two phases.
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The mean curvature is calculated according to the following expression:

κ = 2 (1 + Φ) (1− Φ)
G

σ
, (3.10)

where G is the chemical potential defined as

G = λ

(
−∇2Φ +

Φ (Φ2 − 1)

ε2

)
+
∂f

∂Φ
(3.11)

The surface tension force (Fst) in the phase field method is implemented as a

body force:

Fst =

(
G− ∂f

∂Φ

)
∇Φ, (3.12)

where the term ∂f
∂Φ

is a user-defined source of free energy, which has been set to

0 in this model.

3.3.2 Electrostatic

In this model, the fluid domain consist of a colloidal suspension of magnetic

nanopartiles in a light hydrocarbon oil similar to kerosene, having a charge re-

laxation time ∼ 0.1s [49], which more than 1000 times larger than the character-

istic time of the filament thinning process without the application of an external

field. Therefore, the charges do not have time to redistribute to any significant de-

gree. Thus the charge distribution can be considered as a given model input. The

best approach is to solve the Electrostatics formulation using the electric potential

V [50].

By combining the definition of the potential with Gauss’ law, the classical Pois-

son’s equation can be derived. Under static conditions, the electric potential V is

defined by the equivalence E = −∇V . Using this together with the constitutive

relation D = ε0E +P between the electric field (E) and the electric displacement

(D), the Gauss’ law can be rewritten as a variant of Poisson’s equation:
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−∇ · (ε0∇V − P ) = ρc, (3.13)

where ε0 is the permittivity of vacuum, P is the electric polarization vector and

ρc is the space charge density. This equation describes the electrostatic field in

dielectric materials.

This equation is used in the Electrostatics interface. It is worth noting that

Gauss’ law does not require the charge distribution to be static. Thus, pro-

vided dynamics are slow enough that induced electric fields can be neglected

and hence a scalar electric potential is justified, the formulation can be used also

in the Time Dependent study type. That typically involves either prescribing the

charge dynamics or coupling a separate formulation for this.

The axisymmetric version of the physics interface considers the situation where

the fields and geometry are axially symmetric. In this case, the electric potential

is constant in the φ-direction, which implies that the electric field is tangential to

the rz-plane.

As mentioned in Section 2.2, the magnetic nanoparticles dispersed in a light

hydrocarbon oil are polarizable. The ferroelectricity phenomenon is related to

phase transitions in materials. In its ferroelectric phase, the material exhibits

spontaneous polarization, so that it is constituted of domains with nonzero po-

larization even at zero applied field. This is similar to permanent magnetism in

ferromagnetics, which explains the name used for such materials. Application of

an electric field can rearrange the domains resulting into the net polarization in

the material. At very large electric fields, the polarization saturates, as all fer-

roelectric domains in the material are aligned along the direction of the applied

field. Domain wall interactions can also lead to a significant hysteresis in the

polarization.
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All domains are assumed to have polarization of the same magnitude Ps, but

the polarization can have different orientations. The applied electric field changes

the domain orientation, and the resulting net polarization in the ferroelectric ma-

terial is found from the following nonlinear implicit relation:

P = PSL (|Eeff |)
Eeff

|Eeff |
, (3.14)

where the effective field in the material is given by

Eeff = E + αP , (3.15)

being the matrix α the term characterizing the inter-domain coupling. The polar-

ization shape is characterized by the function L with the following properties:

• For weak effective fields, the polarization is nearly linear P ≈ χ0Eeff and it

can be characterized by the initial electric susceptibility matrix χ0.

• For strong fields, the polarization magnitude approaches the saturation value

P ≈ PS
Eeff

|Eeff | . There are two possibilities for the polarization shape: a) the

Langevin function L = coth
(

3χ0|Eeff |
Ps

)
− Ps

3χ0|Eeff | , or b) the hyperbolic tan-

gent L = tanh
(
χ0|Eeff |

Ps

)
. As mentioned above, Basaran and Wohlhuter [43]

reported that ferrofluids exhibited a nonlinear polarization that follows a

Langevin equation.

3.3.3 Particle Tracing for Fluid Flow

The fact of working with a colloidal suspension forces us to carefully study the in-

teraction and behavior of the nanoparticles during the fluid flow process, because

a correct understanding of its internal interactions is of paramount importance

to understand the unusual filament thinning process observed in Figure 2.2. By
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controlling the inter-particle force, weak or strong particle aggregates can be pro-

duced within the magnetic ink. The colloidal stability of the ink depends on the

total inter-particle potential energy, which is obtained from the sum of the poten-

tial energy due to the long-range Van der Waals attractive forces between the

particles and the potential energy due to the electrical repulsive force resulting

from identical electrical charges on the colloidal particles. As the ink is stable

with out the application of any external field, the effect of this inter-particle force

is neglected in this model. On the contrary, the inter-particle force due to the in-

duced dipolar momentum by the presence of the electric field will be considered

here.

The potential energy of a rigid dipole (p1) undergone to the electric field pro-

duced by another dipole (p2) located at a distance r is given by the following

expression:

Wdd =
1

4πε0

[
p1 ·p2 −

3

r2
(p1 · r) (p2 · r)

]
, (3.16)

which allows to calculating the force between them as Fdd = −∇Wdd:

Fdd =
15 (p1 · r) (p2 · r)

4πε0r7
r − 3 [p1 (p2 · r) + p2 (p1 · r) + r (p1 ·p2)]

4πε0r5
, (3.17)

where the dipolar momentum pi is calculated as mentioned in Section 3.3.2.

Besides the inter-particle force due to the polarization of the nanoparticles in

the presence of the electric field, each particle is undergone to three external

forces, i.e. Brownian force, drag force and gravitational force (Figure 3.3) [45]:

• Brownian force (FB). The fundamental unit of energy in the colloidal world

isthe thermal energy kBT , where kB is Boltzmann’s constant and T is the

absolute temperature (T ). Although this energy appears to be small, it sets

the energy scale for all colloidal interactions:

FB = ζ

√
6πkBµTdp

∆t
, (3.18)
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where µ is the dynamic viscosity of the surrounding fluid, Deltat is the time

step taken by the solver, and ζ is a dimensionless normally distributed ran-

dom number with a mean of zero and unit standard deviation.

• Drag force (FD), Considering the low Reynolds number in the thinning flow

process, the Stokes drag law can be used to get the drag force for each

particle as follows:

FD = 3πµdp (u− v) , (3.19)

where u− v is the relative velocity between the fluid and the particle.

• Gravitational force (Fg). This force comes from the density mismatch be-

tween the particle and the surrounding fluid and is given by:

Fg =
(ρp − ρl) πd3

p

6
g (3.20)

Figure 3.3: Schematic representation of the ink filament containing the colloidal particles

undergone to the particle-particle force due to the induced dipoles and the three external

forces (Brownian, drag and gravitational).
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Particle tracing [51] provides a Lagrangian description of a problem by solv-

ing ordinary differential equations using Newton’s law of motion. The trajectories

of individual particles are always solved for in the time domain. Newton’s law

of motion requires specification of the particle mass and all forces acting on the

particle. The forces acting on particles may due to external fields which can be

specified directly or computed using a different physics interface, often using the

Finite Element Method (FEM). For each particle, a second-order ordinary differ-

ential equation is solved for each component of the position vector. This means

that two ordinary differential equations are solved for each particle in our prob-

lem, which is 2D. At each time step taken by the solver, the forces acting on each

particle are queried from the external fields at the current particle position. If

particle-particle interaction forces are included in the model then they are added

to the total force. The particle position is then updated and the process repeats

until the specified end time for the simulation is reached. During each time step,

the particles may interact with boundaries in the geometry, or they may be sub-

jected to other phenomena that can discontinuously change the particle velocity.

When modeling the motion of small particles in a fluid, it is important to first

evaluate whether particle inertia is important enough to be included in the model.

Particle inertia can be seen as a velocity lag, where larger and heavier particles

change direction only gradually when the surrounding fluid changes direction,

whereas smaller particles will start to match the surrounding fluid velocity almost

immediately. Particle inertia is most significant when the model particles are large

and heavy, or when the surrounding fluid has very low viscosity, or a combination

of the two. In our case, even when the particle size is very small, due to the fact

that the magnetic nanoparticle are heavier than the carrier fluid, which viscos-

ity is very small, and they can form chains due to their polarization, leading to

a larger effective particle size, the inertia of the particles will be considered by
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selecting the Newtonian formulation in the physics interface Particle Release and

Propagation section.

In a dilute flow the continuous phase affects the motion of the particles and the

particle motion in turn disrupts the continuous phase. This is often referred to as

a bidirectional coupling. The bidirectional coupling between particles and fluids

can be modeled using the Fluid-Particle Interaction multiphysics coupling node.

The body force exerted on the fluid by the particle is applied in an approximate

way, in that it is smeared out over a mesh element. This smearing effect makes

the volume force computed by the Fluid-Particle Interaction node somewhat mesh

dependent.

The advective transport of particles due to drag and other applied forces is

usually deterministic, meaning that any number of particles released from the

same point and with the same initial velocity would follow the same trajectory.

Sometimes particle motion also includes a diffusive component, by which parti-

cles tend to spread out over time. The Brownian Force is most significant when

the particles are extremely small, generally in the sub-micron range. Brownian

motion causes particles to drift because the number of molecules striking each

particle from different sides is random, since the molecules in a fluid (even at

room temperature) move around randomly and at high speeds. When the parti-

cles are larger, Brownian motion is less of a driving factor because the number

of molecules hitting the particle surface is large enough that they tend to average

out more readily.
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3.3.4 Initial and boundary conditions

Initially, both fluids are at rest. Thus, both fluid velocities are null and the mag-

netic nanoparticles are only under the action of the Brownian motion and the

graviational force. The fluid is considered to be an homogeneous dispersion of

magnetic nanoparticles.

In order to minimize the computational time and cost, an axisymmetric 2D

computational domain model that uses cylindrical coordinates is used. Periodic

boundary conditions are imposed on the top and bottom boundaries to mimic the

effect of the jet being infinitely long in length:

vtop = vbottom, (3.21)

ptop = pbottom, (3.22)

Φtop = Φbottom (3.23)

The outer contour of the gas phase is modelled as a wall with no slip condition

and containing a point where the pressure is constrained to make the pressure

unique.
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As discussed in the previous chapter, the filament thinning process of a mag-

netic ink under the presence of an external electric field aligned with the flow is a

complex problem to model and so it is its implementation in Comsol Multiphysics.

Thus, the divide and conquer approach was followed: First, the two-phase fluid

flow model was built-up; then, separately, a new model considered either exclu-

sively the external forces acting on the magnetic nanoparticles or the inter-particle

force coming from the induced dipoles; finally, all these features were put in place

in the CaBEER.mph model, which was complemented with a simulation APP.

4.1 Two-phase Flow

This model is contained in the file CaBEERTwoPhaseFlow.mph (Figure 4.1).

Figure 4.1: Printscreen showing the general view of the Two-Phase Flow model.



4.1. Two-phase Flow 47

Figure 4.2: Definition of geometric parameters and surface tension, either as

a constant parameter or as a variable if Marangoni effect were intended to be

simulated.

The geometric parameters referring to the fluid domain (L, RL and Rd) were

defined together with a constant surface tension value1 (Figure 4.2). The fluid

domains are assigned with two materials, which viscosity and density are user-

defined (Figure 4.3). Then, the Laminar Flow interface is configured for incom-

pressible Newtonian fluids, considering gravitational effects and for a reference

temperature of 293.15 K (Figure 4.4). Additionally, the initial and boundary condi-

tions are set as indicated in the previous chapter.
1The possiblility of considering Marangoni effect was also left open, by defining a surface

tension dependent on the z-position as variable: sigma = 0.023(1− 0.2 · cos(2πz/L)).
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Figure 4.3: The viscosity and density of the two fluids are defined as material

properties: liquid in purple (left) and gas in grey (right).

Figure 4.4: Definition of the Laminar flow interface.
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Now, the Phase Field interface is defined (Figure 4.5), including the width of

the interphase (εpf ), the initial domains for liquid (Φ = −1) and gas(Φ = 1), as well

as the boundary conditions as defined in the previous chapter.

Figure 4.5: Definition of the Phase Field interface.

Finally, the two physics above are coupled by means of the multiphysics inter-
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face Two-Phase Flow, Phase Field (Figure 4.6), where it is set that the fluid flow

is solved with Laminar Flow interface while the moving interface is solved with the

Phase Filed interface; the temperature is a common model input; the fluid density

and viscosity of each domain are taken from the defined materials, while the sur-

face tension is taken from the designed parameter. In order to solve the coupled

problem, a time dependent study with a initialization phase is added (Figure 4.7).

In the first step, the phase field in the stationary; then, the time dependent step

solves numerically the coupled problem by using adaptative mesh refinement and

a PARDISO solver for both the flow and phase field variables.

Figure 4.6: Definition of the Multiphysics Two-Phase Flow, Phase Field coupling.
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Figure 4.7: Settings for two-step study used to solve the coupled problem.

By means of performing a Parametric sweep for the length of the filament (L), it

can be proved that in fact there is a critical aspect ratio λs below which the filament

remains stable and above which the filament thinning process is triggered by

capillary forces (Figure 4.8), as discussed before in Section 3.1. This model may

also allow to performing different numerical analysis regarding the importance of

other parameters in the filament thinning process, such as the surface tension for

instance (Figure 4.9), where it can be observed that the larger values of surface

tension, the faster the filament breaks up. It may also allows for determining the

time evolution of the minimum diameter with time, as it is typically represented

the results obtained by means of the CaBER experiments.

To sum up this section, it can be said that the CaBEERTwoPhaseFlow.mph

model was successfully implemented and it sets the basis for the construction of

the CaBEER.mph model.
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Figure 4.8: Time evolution of the filament silhouette for the same fluid with the

same conditions, except for the aspect ratio: Λ1 = 1.5 for 1 ms and no breakup

(top row) and Λ2 = 5 for 0.14 ms (bottom row).

(a) σ = 0.02 (b) σ = 0.05 (c) σ = 0.07

Figure 4.9: Last filament silhouette before breakup for the same fluid with the

same conditions, except for the surface tension coefficient. In the case of the

σ = 0.02 the filament was stable.
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4.2 Particle Tracing for Fluid Flow

This model is contained in the file ParticleTracing.mph (Figure 4.10).

Figure 4.10: Printscreen showing the general view of the Particle Tracing model.

Figure 4.11: Definition of geometric parameters and particle properties required

for the Particle Tracing model (left), as well as the properties of the liquid carrying

the particles (right).
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Figure 4.12: Settings for the Particle Tracing for Fluid Flow (top-left), particle prop-

erties (top-right) and the release of the particles (bottom).

The geometric parameters referring to the fluid domain are the same as in

the CaBEERTwoPhaseFlow.mph model. Additionally, the particle size (Rp) was

added, as well as other intrinsic parameters regarding the polarization (Figure 4.11).

Again, the fluid domains are assigned with two materials, which viscosity and den-

sity are user-defined as in the previous model. Then, the Particle Tracing for Fluid
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Flow interface is configured for Newtonian formulation in the domain of the liq-

uid sample; additionally, the particle properties are defined, as well as how they

are released into the system, i.e. homogeneously dispersed and with no velocity

(Figure 4.12). Finally, the boundary conditions are set, maintaining the axis of

symmetry, being the top and bottom contours set as outlets through which the

particles disappear, and the interphase with the gas a wall where the particles

can bounce.

4.2.1 External forces

The external forces acting on the particles are the Brownian force, the gravita-

tional force and the drag force, as mentioned above and depicted in Figure 3.3.

Consequently, these forces have been introduced into the model (Figure 4.13).

As the particle size has been parametrized, it is possible to perform an analysis

and determine upon which particle size sedimentation is an issue in less than a

millisecond, for instance (Figure 4.14).
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Figure 4.13: Settings for the Particle Tracing for Fluid Flow (left), particle proper-

ties (middle) and the release of the particles (right).

Figure 4.14: Particle trajectories for different particle sizes after 1 ms after having

been released: rp = {100 nm, 500 nm, 1 µm, 500 µm} (from left to right).



4.2. Particle Tracing for Fluid Flow 57

4.2.2 Inter-particle force

In order to set the inter-particle force due to the polarization of the magnetic

nanoparticles, it is necessary to impose a voltage difference, so that the particle

can get polarized. Then the Electrostatic interface is added to the model, the

top contour of the liquid domain is set to a voltage V0 and the bottom one to the

ground, and the liquid sample is defined as a Ferroelectric material that follows

the Langevin Function for its polarization (Figure 4.15). It is just left the definition

of the force as a function of the polarization and the relative position between the

particles (Equation 3.17). Unfortunately the command to extract that parameter

was not found and the force could not be defined properly.

Figure 4.15: The electrostatic interface is added to the model. The liquid domain

is set as a Ferrolectric material following the Langevin Function for its polarization.

A new study is defined, consisting of two steps: first, the electric field is deter-

mined in stationary; then, the particle tracing is solved out (Figure 4.16)
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Figure 4.16: Settings for the two-step study in the case of considering the inter-

particle force due to polarization.

The solution did not converged and the problem remained unsolved yet (Fig-

ure 4.17).

Figure 4.17: Error message when considering the contribution of the polarization

forces.
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4.3 CaBEER model

The two models developed in Sections 4.1 and 4.2 are now combined into CaBEER.mph

model (Figure 4.18). The only difference with the model of the particle tracing is

the definition of the Drag Force; in this case, the velocity field has to be taking

from the laminar flow interface (Figure 4.20). Then a new step in the study is

added, to solve the position with time of the magnetic nanoparticles.

Figure 4.18: Printscreen showing the general view of the CaBEER model.
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Figure 4.19: Settings for the drag force applied to the particles when coupled with

the fluid flow in the liquid sample (left). Settings for the third step in the study,

where the Particle Tracing for fluid flow is solved with time after the fluid flow and

the interface have been solved first.

Due to the difficulty in getting a converged solution for the case in which the

particles are polarized (Section 4.2.2), this inter-particle force have not consid-

ered in the current version of the CaBEER model. As a consequence, at the

moment, this model is unable of providing meaningful information regarding the

influence of the electric field on the capillary thinning process of magnetic inks, as

it was aimed at. Still, this model remain useful for the numerical analysis of the dif-

ferent parameters relevant for the formulation of these inks, which is of paramount

importance when using this inks with printing process like inkjet printing.
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4.4 CaBEER-APP

The CaBEER-APP can be run from the file CaBEERapp.mph. This application

allows the user not familiarized with Comsol Multiphysics to performing numerical

simulations of the CaBEER model. The user can design the fluid domain, the fluid

properties, consider or not Marangoni Effects, perform parametric sweep análisis,

etc. (Figure 4.20).

Figure 4.20: Printscreen of the CaBEER-APP.





Chapter 5

Final remarks and future works

This work aimed at providing a model in COMSOL able to simulate the filament

thinning process of functional inks under the presence of an external electric field.

The physics of the problem have been rigorously defined and different physics in-

terfaces from COMSOL have been identified as necessary to tackle this problem,

namely the Laminar Flow and Phase Field, both coupled by means of the Mul-

tiphysics interface Two-Phase Flow, Phase Field to predict the filament thinning

process. The magnetic nanoparticles dispersed in the functional ink was mod-

elled by means of the Particle Tracing for Fluid Flow, which allows for accounting

with the three external forces acting on the nanoparticles (Brownian, drag and

gravitational forces) and the inter-particle force due to their polarization under the

presence of an external field. Then, the Electrostatic module was also set in

place. The force due to the polarization could not be properly defined because

the dipolar moment was not found; additionally, the model did not converge either.

For that reason CaBEER.mph model does not consider yet the influence of the

electric field in the particles; consequently, the particles cannot form aggregates

63
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and modify the capillary thinning process of the ink.

Then, analysing the stability of a a slender, axisymmetric jet under the pres-

ence of an external electric field is not yet possible with this model. Nevertheless,

it is yet very useful as it allows for analysing how the different parameters in

the formulation of the magnetic ink affect the capillary thinning process, which is

of paramount importance for non-electric printing techniques, such as the inkjet

printing technique.

In the coming future, all efforts will be dedicated to improve this work and in-

troduce in the CaBEER.mph model the inter-particle force due to the polarization

of the nanoparticles. Once this improved version of the model were available, nu-

merical experiments will be produced so that they could be compared/validated

with experimental data.
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